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Abstract
This paper proposes an application of concepts about the maximum likelihood estimation of the
binomial logistic regression model to the separation phenomena. It generates bias in the estimation
and provides different interpretations of the estimates on the different statistical tests (Wald,
Likelihood Ratio and Score) and provides different estimates on the different iterative methods
(Newton-Raphson and Fisher Score). It also presents an example that demonstrates the direct
implications for the validation of the model and validation of variables, the implications for
estimates of odds ratios and confidence intervals, generated from the Wald statistics. Furthermore,
we present, briefly, the Firth correction to circumvent the phenomena of separation.
Key-words: Logistic Regression, Binomial, Separation

1. Introduction.
Regression Models for qualitative variables are eventually proposed in order to estimate
proportions. The ratio is a parameter that defines the probabilities of occurrence of an event within a
population, which requires statistical methods for categorical responses. In general, since the
progress started by Karl Pearson in 1900, his study only developed since the 1960s (Agresti, 2002).
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With the introduction of generalized linear models (GLM) by Nelder and Wedderburn
(1972), a new class of models emerged for modeling qualitative variables, where, applying a change
in the response variable through a link function can be model this variable decreasing the effects of
previous models with normal distribution (Demetrio, 2002, Nelder and Wedderburn, 1972).
However, the models for estimating probabilities or proportions depend on the manner of
identifying the types of variables that are themselves working and how these variables have
categories. For nominal variables, we use the logistic regression model, multiple nominal, may be
the binomial or multinomial distribution as a function of which has the dependent variable (Maroco,
2003),
These models have large applicability in all sciences fields including Petroleum Industry as
methods to analyses the complexity of a profiling oil well, sonic profiles and classify lithofacies.
Estimating the parameters of a logistic regression using the maximum likelihood method,
one can encounter a bias in the estimates when those estimates do not exist. That is the relationship
between the dependent variables and can be independently zero or frequency regions that do not
overlap, or separation, resulting in biased estimates of maximum likelihood (Agresti, 2002).
This paper discusses the bias generated by the estimation in the presence of the separation
phenomena. It is presented in section II a brief theoretical framework on the estimation method, is
shown in sections III and IV, with an example, how separation phenomena occur and identify some
of its effects.

2. Theoretical Concepts.
2.1 Nominal Multiple Binomial Model.
For binomial variables, the logistic regression model is widely used in order to predict the
probabilities of the variables. For binomial response variable Y and several independent variables
(X0, X1, ..., Xn) let:

The equation of the logistic regression models is (1):
(1)
where:
is the estimated probability,
are the independent variables,
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are the coefficients estimated by logistic regression

The traditional solution is to linearize using a generalized linear model. With the logit link
function, where the logarithm is applied in the division is obtained, the linear predictor (2) (Agresti,
2002):
(2)
The ratio

is called the odds ratio, which reflects the ratio between the

probability of success π (x), given the likelihood of failure, 1-π (x).
The output of the logistic regression model is nothing but the logarithm of the odds ratio.
Hence exponentiating both sides of the logit function, there is the odds ratio that is an exponential
function of x. This provides an interpretation of the magnitude of the parameter β: the chance grows
multiplicatively by

for each unit plus x, in other words,

is the odds ratios (Vittinghoff et al,

2004).

2.2 Estimation and Interpretation.
Since the logistic model errors do not follow normal distribution and variance did not show
constant, it is possible to obtain optimal estimates of the coefficients by the method of least squares
linear regression used. The adjustment method used in logistic regression is the maximum
likelihood method. This method estimates the regression coefficients that maximize the probability
of finding the categories of the dependent variable sampled, ie, that maximize the likelihood of
these values (Demetrio, 2002)
The method is to maximize the log-likelihood function, defined as the logarithm of the
multiplicand distribution, (3):
(3)
where:
is the given distribution.
According to Agresti (2002), under weak regularity conditions, such as the range of any
parameters having fixed dimensions to the true value falling within this range, the maximum
likelihood estimators possess important properties: large samples with normal distribution are
asymptotically consistent, converging to parameter as the sample size increases asymptotically and
are still efficient, producing standard error of not more than other methods of estimation large
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samples. Given a set of data for a given probability distribution, the likelihood function is the
probability of data processed as a function of the unknown parameters. The maximum likelihood
estimate is the value of the parameters that maximize the likelihood function. This is the value of
the parameters most likely to have generated the observed data. The parameter value that
maximizes the likelihood function also maximizes the logarithm of this function.
2.3 Wald Test
As the standard error is not zero (SE of β), the statistical test (4):
(4)

,
has approximately a standard normal distribution when

This type of statistics using the

standard error is not zero, is called the Wald statistic (Wald, 1943). The variant multivariate Wald
test of

has the statistical test (5):
(5)
The nonzero covariance is based on the curvature of log-likelihood function of . The

statistic W converges asymptotically to a chi-square distribution and the distribution for

is an

asymptotic multivariate normal (AGRESTI, 2002).
2.4 Likelihood Ratio Test
Statistics have shown that the difference between log-likelihood statistics for two models,
being a special case of the other, is approximately chi-square distribution in large samples. This
statistic is called the likelihood ratio statistic or LR (Likelihood Ratio English) (Kleinbaum and
Klein, 2002).
The first model consists of only the variable intercept and the second is the complete model.
The test statistic is given by (6):
(6)
where:
L0 is the likelihood ratio of the null model,
Lc is the likelihood ratio of the full model.
2.5 Score Test
The test score is based on the slope and curvature of the expected log-likelihood function
L(p) the null value of β0. Is used according to the size of the score (7):
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(7)
rated at β0. The value of

tends to be larger in absolute value when away from β0. We denote

(8):
(8)
That is, in information evaluated by

. The score is a statistical ratio of the square (7) and

(8). This is approximately normal distribution pattern. The shape of the χ2 statistic score is (9):
(9)
where the partial derivative notation reflects the derivative with respect to β evaluated at β0. Where
multiple statistics score is based on a quadratic partial vectors of the log-likelihood and β with
respect to the inverse of information, both measured under H0 estimates (ie, assuming that β = β0)
(Agresti, 2002).

2.6 Separation Phenomena

It is argued that finding a maximum log-likelihood function is not a difficult task because it
is a globally concave function, ie, has at least one maximum point. However, in some cases the
function has no maximum point, and maximum likelihood estimates do not exist (Alisson, 2008).
It also argues that the log-likelihood function for logistic regression is strictly concave. The
maximum likelihood estimates exist and are unique except in certain cases. Estimates are
nonexistent or endless when there is no overlap in the set of exploratory variables where dependent
variable is equal to 0 or 1, ie, where only some independent variable is within a category of the
dependent variable. This situation is called a partial separation, however, may be more severe when
the independent variable has its categories divided into two groups (0 or 1), and the groups
generated not intersect at any point. This is called a perfect separation, complete or perfect
discrimination (Agresti, 2002). Albert and Anderson (1984) prove when there is complete
separation or quasi complete separation, the maximum likelihood estimates does not exist. This may
occur in a logistic model is when the dependent variable and independent variable (both binomial)
were as follows (Table 1).
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Table 1. Total Separation: Cross Table

K
V
K1

K2

V1

25

00

V2

00

35

Source: Authors (2014)

The estimated odds ratio, grossly, results in

.

Thus, the β is undetermined and maximum likelihood estimate does not exist. In general, it
is sufficient that any of the observed frequencies are equal to zero so that the maximum likelihood
estimates become indeterminate. For continuous variables independent, it is sufficient that the
interval determined by one of the categories in the independent variable, does not intersect at any
point in the range determined by the other dependent category, that the separation occurs (Figure 1):
Figure 1 - Continuous Variable Separation

Source: Authors (2014)

There are four types of separation: Complete separation. In these situations, an independent
variable perfectly separates the dependent (Figure 2):
a)

Full Separation;

b)

Partial Separation: separating only a particular category or group of them generating
a biased estimates for independent;

c)

Quasi Complete Separation: the phenomenon of quasi-separation is a problem related
to large volumes with very small (but existing) overlap between dependent and
independent variable separating all categories;

d)

Quasi-Partial Separation: there is often a very small relative to other frequency
generating a biased estimate.
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Figure 2 – Types of Separation Phenomena.

(a)

(b)

(c)

(d)

Adapted from Lesafre And Albert, 1989. Full Separation (a); Partil Separation (b); Quasi Complete Separation (c);
Quasi Partial Separation (d);

When separation phenomena occur, the fisher information matrix turns singular. Lesaffre
and Marx (1993) arguments this matrix as ill-conditioned one, has inflated variances of the
estimated regression coefficients.
However, the model will present a very accurate adjustment in the presence of complete
separation or adjustment partially accurate in any category when there is partial separation. The
direct implications in the presence of separation and partial or complete it is where the Wald test is
directly affected, because this test uses the Fisher information matrix (now, ill-conditioned) with
indeterminate solutions.
Hauck and Donner (1977) argue for any sample size, Wald’s test statistics decreases to zero
as the distance between the parameter estimates and null values increases. Consequently all forms
as the test for model validation, validation variables are biased and the confidence interval of the
parameter estimates and the odds ratio are not efficient. In the cases of separation phenomena, the
distance between the parameter estimates and his null value it’s very large, so the Wald’s statistics
will be not statistically significant.
Another problem is that one must not use the iterative Newton-Raphson method to estimate
the logistic regression parameters in the presence of separation phenomena, since this method uses
the observed Fisher information matrix, ie, the matrix second order derivatives of the likelihood
function, which in the presence of separation has no converged solutions, which does not produce
maximum likelihood estimates asymptotically efficient (Agresti, 2002).
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One recommendation is to use the Fisher Exact Score, because it produces estimates from
the expected Fisher information matrix. Since according to Cordeiro (1999) "There is empirical
evidence that Fisher's method is better in convergence than the Newton-Raphson’s method”.
2.7 Firth’s Bias Correction Method
Cordeiro and McCullagh (1991) presented one of the ways of correcting bias in generalized
linear models. However, the main contribution to correct this type of situation was given by Firth
(1993). Firth has established a method that later became known as penalized maximum likelihood
(or Firth’s Bias Correction) that circumvents the problems of the phenomenon of separation.
The method to correct the maximum likelihood estimates using a modified form of score
function (10), which reaches a modified form of the likelihood function can be written by the
product between the likelihood function and the square root of the determinant of Fisher
information matrix (in this case, a priori distribution of Jeffrey):

10)
where,
L * (θ) is the generalized likelihood function
L (θ) is the likelihood function
ι (θ) is Fisher information matrix
3 Methodology
In order to demonstrate and exemplify the direct implications of the separation in the
maximum likelihood estimates built up a dataset with 50 observations. The dataset has a nominal
dependent variable, called K, and 06 independent variables called Vi, i = 1,2, ..., 6, where only V5 is
normally distributed, the other having a binomial distribution. A independent variable will generate
the separation phenomena.
The software used for estimation and analysis was SAS (Statistical Analysis System)
Enterprise Guide 4.3 with PROC LOGISTIC. For generation of pseudo-random data, we used the
software Microsoft Office Excel 2003.
4 Results and Discussions
In the presence of any of the phenomena of separation, a descriptive analysis of the
phenomenon can easily detect by boxplot (Figure 3) for continuous variables. In this example, the
continuously variable separation V5 not present, since the amplitude is coincident. For categorical
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variables, whether multinomial or binomial, the cross-table between the dependent and independent
can easily detect the presence of any separation phenomena. In the example, the variable V6
provides partial separation because of their frequencies in the cross table is null (Table 2). Thus,
when trying to determine the presence of significant variables to the model through several existing
statistics (Wald, Likelihood Ratio Statistics and Score), it is important to highlight the Wald statistic
(Table 3).
Figure 3 - Box Plot V5 against K

Source: Authors (2014)
Table 2. Crosstable of Simulated Dataset

Vi (Independent
Variables)

V1
V2
V3
V4
V6

K (Dependent Variable) (n=50)
00

01

Total

00

05

05

10

01

18

22

40

00

13

09

22

01

10

18

28

00

11

14

25

01

12

13

25

00

10

16

26

01

13

11

24

00

16

27

43

01

07

00

07

23

27

50

Total

Source: Authors (2014).

Although other statistics to identify the existence of significant parameters, Wald test does
not in the presence of separation, the solution of covariance matrix used in the test is divergent, how
it has been appointed by Agresti (2002) and Hauck and Donner (1977).
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Table 3. Test for the existence of significant parameters

Test H0: 1 = 2 = ... =0
Test

Wald

df

p>

Likelihood Ratio

34.3995

06

<.0001

Score

24.4368

06

0.0004

Wald

10.0036

06

0.1245

Source: Authors (2014).

Therefore, the Wald statistics are inappropriate for analysis, because these are affected in the
presence of the phenomenon of separation of variables also in the validation (Agresti, 2002; Lesafre
and Albert, 1989). Although the Wald test failed to determine the presence of significant variables,
the Wald test for individual variables detected that V5 is significant because V5 is not individually
affected by the phenomenon of separation (Table 4). Thus, it’s possible to verify that the variable
V6 is not significant, because it has a very high parameter estimate and standard error, and therefore
will not be considered significant. Estimates of confidence intervals based on Wald statistics for the
parameters and to estimate the odds ratio become inefficient and difficult to analyze (Tables 5).
Table 4. Analysis Maximum Likelihood Estimates
df

Β

σ

α

01

-5.966

2.439

5.983

0.014

V1

01

0.339

1.094

0.096

0.757

V2

01

-1.715

0.924

3.444

0.064

V3

01

0.269

0.859

0.098

0.754

V4

01

1.397

0.958

2.126

0.145

V5

01

0.819

0.276

8.798

0.003

V6

01

17.131

255.200

0.005

0.947

Wald

p>

Source: Authors (2014).
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Table 5. Confidence Interval of Parameters and Odds Ratio
β

eβ

CL Wald 95%

CL Wald 95%

V1

0.339

-1.805

2.482

1.403

0.164

11.968

V2

-1.715

-3.526

0.096

0.180

0.029

1.101

V3

0.269

-1.415

1.952

1.308

0.243

7.042

V4

1.397

-0.481

3.274

4.041

0.618

26.412

V5

0.819

0.278

1.360

2.268

1.320

3.895

V6

17.13

-483.1

517.4

>999.9

<0.001

>999.9

Source: Authors (2014).

However, it is important to note that the computational method to estimate these parameters
can be one of those responsible for this inconvenience and should be avoided (Newton-Rhapson’s
iterative method). Another way to understand the presence of separation is the covariance matrix
(Table 6).
Table 6. Covariance Matrix Estimates
V1

V2

V3

V4

V5

V6

V1

1.20

-0.16

-0.08

-0.01

0.09

0.16

V2

-0.16

0.85

0.03

-0.05

-0.09

-0.77

V3

-0.08

0.03

0.74

0.01

0.02

0.27

V4

-0.01

-0.05

0.01

0.92

0.11

0.79

V5

0.09

-0.09

0.02

0.11

0.08

0.36

V6

0.16

-0.77

0.27

0.79

0.36

65,141.49

Source: Authors (2014).

The true value of the variance of the variable V6 is not known, because in the presence of
separation the covariance matrix has unlikely values since the variance is undefined (Lesaffre and
Albert, 1989). Using some method of variable selection based on Wald statistics in order to make
predictions, with a variable separation probably not enter the model due to its lack of significance,
however, this contrasts with the fact that the same improve predictive power of the model (Table 7).
Table 7. Percentage of Setting of Models with and Without V6
Model

Percentage of Setting

With V6

91.9%

Without V6

73.9%

Source: Authors (2014).
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5 Conclusion
A simple way to observe the existence of some of the phenomena of separation is through
cross-table for nominal independent variables and boxplots for continuous variables. When using
the Wald statistics to detect the existence of significant parameters, they fail due to the nature of
your statistic that uses the covariance matrix (Fisher information matrix) that has divergent solution
and when the parameter estimates gets higher turns statistically insignificant. However, it can
detect which variables are significant individually, but also fails to determine the significance of the
variable that presents separation. The maximum likelihood estimates become inefficient, providing
inflated variances. These variances have been generating confidence intervals also inflated, which
makes them difficult to interpret. It is noted that, although not able to include a variable with the
separation phenomena in a predictive model based on statistical Wald through a selection method, it
improves the predictive power of the model.
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