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Abstract

The paper considers an approach to division modules of numbers by bases in number systems in
residual classes (RNS). This may be required when solving specific tasks.

The approach involves performing the following sequence of actions in the RNS:

- reducing the modulus of numbers by the value of the deduction corresponding to the base by which
the division is made;

- dividing the reduced module by the value of the base;

- formation the correction value and its addition to the quotient obtained.

In total the division operation is performed through four accesses to the table memory two of which
are overlapped in time.

If one of the bases of the RNS is equal to pn then the approach under consideration allows to reduce
the capacity of table memory by pn times in relation to the capacity of table memory containing the
full set of division results, where pn is the base of the RNS by which the division is performed.

Key-words: Number Systems in Residual Classes, Arithmetic Operations, Modules of Numbers,
Division of Modules, Base Values, Tabular Calculations.

1. Introduction

Significant attention is currently being paid to the development and study of the principles of
information processing in number systems in residual classes (hereinafter - RNS). [Boyarchuk et al.,
2012; Liu et al., 2013; Khokhlov, 2014; Polisskii, 2014; Lyubomudrov and Zaitsev, 2014; Lyu-
bomudrov and Bashkov, 2016; Yurdanov et al., 2016; Wojcik et al., 2018; Haojuan et al., 2019;
Krasnobayev et al., 2019; Krasnobayev et al., 2021]. The development of computing tools in this area
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is underway [Lyubomudrov, 2011; Chervyakov et al., 2015; Knyaz kov and Isupov, 2015;
Chervyakov et al, 2017; Magomedov , 2017; Haojuan et al., 2019]. This is due to the possibility of
parallelizing information processing at the level of arithmetic operations, as well as the convenience
of using tabular computation methods, which together increases the speed and simplifies the design
of the computers.

So if py, p2,. ... ..., pn are the bases of the RNS and the numbers A and B have the form A =
(o1, 02,..., an) and B = (B1, B2,..., Bn) I RNS, where ai = rest A mod pi and Bi = rest B mod pi (i =
1, 2,..., n) are remainders, that is, the residues of dividing A and B by pi, then arithmetic operations on
the numbers A and B are carried out in accordance with formulas (1) - (3):

A+ B = (ou + B1) mod py, (a2 + B2) mod pz, ..., (on + Bn) mod pn (1)

A—-B = (ou-B1) mod p, (a2 - B2) mod pz2, ..., (cn - Pn) mod pn (2)

A x B = (0o x B1) mod p1, (a2 x B2) mod pz2, ..., (an x fn) mod pn  (3)

Some of the basic operations in computers which operate in a positional binary system are the
operations of multiplication and division by the base of the number system p = 2. These operations
are used for normalizing and denormalizing mantissas, for performing multiplication and division,
and for scaling results of calculations. The implementation of these operations in computers using a
positional binary number system does not cause difficulties. These operations are performed by
shifting of the operands left or right one bit.

Performing of the operation of the multiplying of the number A = (a1, aa,..., an) by the base
pi in the RNS does not cause difficulties too. This operation in the RNS is performed in accordance
with formula (3) and its execution has the following form

A x pi = (oir x pi) mod p1, (o2 x pi) mod p2, ..., (o x Pi) mod pn

However, the performing of the operation of the dividing numbers in RNS by pi by using
formula (3) is difficult.

The division operation, like operations (1) - (3), is the basic operation when performing
calculations. Because of this, methods and hardware for performing the division operation are being
developed, which allow maintaining high performance of computing tools in the RNS.

The best performance when performing a division operation is achieved when it is performed
tabularly. When performing a tabular operation, the results are stored in the computer's memory and
selected from memory by operands, as by addresses. However, this approach requires significant
memory overhead. So, if on the bases pi, p2,..., pn the divisible and the divisor are represented by
deductions, then for the tabular execution of the division operation the computer memory must
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contain N = p1x p2 x . .. x pn words with bit depth R =r1+ r2 +... + rn, Where r; is the bit depth of the
residues on the bases pi, i =1, 2,..., n.

So this article is aimed at the consideration of a variant of the approach to dividing of the
modules of numbers which are presented in the RNS by the bases pi, wherei=1, 2,..., n.

When considering the approach without violating generality, we assume that the division of

numerical modules in RNS is performed by dividing them by the base pn.

2. PROBLEM RESOLUTION

Let A is some positive or negative integer number the module of which |A| in RNS with bases

P1, P2, ..., Pn has the following representation
|A| = (o, a2, ..., an),

where aii = rest|Almod pi; i=1,2,...,n.

Then the proposed approach to dividing |A| by pn assumes the following sequence of actions:

1. The module of number |A| = (o, o, ..., an) IS decreased by the value an = rest|/A| mod pn.

This decreasing is performed by carry out the following operation in the RNC

|A| - an =

={(ou1 - an) mod p1, (a2 - on) Mod p2, . . ., (on -1 - an) mod pn - 1, (on - on) Mod pn}=

={(ot1 - an) mod p1, (a2 - an) mod p2, . .., (an -1 - an) mod pn-1, 0} 4)

From (4) it follows that the reduced module of number |A] - an is divisible by pn without
remainder. The remainder an of dividing the reduced number |A| - an by pn according to (4) is equal
to zero an = rest( |AJ- an) mod pn = 0.

2. By the formed remainders in RNS{(ou1 - an) mod p1, (o2 - o) mod p2, . . ., (o -1 - an) mod
pn — 1}, as a binary address, the computer's table memory is accessed and the accurate result of
dividing |A] - an by pn is selected from this memory

(A -an) i pn=(a1, a2y ..., 0n—1", o) (5)

3. Simultaneously with the execution of item 2, the correction value @ is formed ® = (0, 0,...,
0,0), ifan:pn< 0.5 or ®=(1,1,...,1, 1), if an: pn>0.5. Such a correction takes place due to the
fact that an: pn < 1 and, accordingly, the value ® by which it is necessary to increase the quotient is
enclosed in the range 0 < ® < 1. The correction value is selected from the table memory when it is

accessed via an as a binary address.
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4. The formation of the final result of dividing |A| by pn is performed. It is done by adding to

(5) the correction value ® in RNS
JAl2pn = (Al - an) i pn+ © = (y1, 72, - - ., V-1, Tn) (6)

When the correction is introduced the value of the absolute error A of the quotient does not
exceed A <0.5.

The implementation of the dividing in RNS of an arbitrary number module |A| by pn is
illustrated by the following example.

Example.

Let the absolute value of the number A is equal to |A| = 41510 = 1100111112 and in the RNS
with bases p1 = 13, p2 = 15, p3 =16 has the following form |A| = (12, 10, 15) 13, 15, 16.

It is required to divide in RNS |A| = (12, 10, 15) 13, 15, 16 by ps = 16.

1.|A| = (12, 10, 15) 13, 15, 16 is decreased by a3 = rest 415 mod 16

|A| - a3 = (12, 10, 15) 13, 15, 16 - (15, 15, 15) 13, 15, 16 = (10, 10, 0) 13, 15, 16 =

= (10102, 10102, 00002).

2. With the binary address 1010 10102 the computer memory is accessed and the accurate
result of dividing of the reduced module |A| - az = 40010 by 16 is selected from the memory

(JA| - as): 16 = (12, 10, 9)13, 15, 16

3. To the result of dividing of the reduced module |A| - oz = 40010 by 16 a correction ® = (1,
1, 1) is added since as: p3 = 15: 16 > 0.5 and the final result is formed:

(Al - 0z): 16 + © = (12, 10, 9)13, 15, 16 + (1, 1, 1) 13, 15, 16 = (0, 11, 10) 13, 15, 16

Summing up we note that a feature of the proposed approach is its orientation on tabular
methods of calculations. This is due to the relatively low bit depth of the RNS bases. In this case the
calculations of the results of dividing of the number modules presented in the RNS is performed by

four accesses to the computer’s table memory two of which are overlapped in time.

3. RESULTS

The result of this work is the proposed approach to division of the modules of numbers by the

values p1, p2, . . ., pn Which are RNS bases.
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4. DISCUSSION

The proposed approach allows to divide modules of numbers represented in the RNS by the
value of one of the bases by four accesses to the computer's table memory two of which are
overlapped in time. That the division operation is performed by four accesses to the computer's table
memory, two of which run simultaneously, causes a high speed of the operation.

In addition this approach reduces required memory capacity for storing the results of
calculations. So if the bases of the RNS are p1, p2, . . ., pn then for storing the full table of answers
memory capacity equal to N = p1- p2- . . . -pn words is required. With the proposed approach require
memory capacity is reduced by pn times and is equal to N = ps1- p2- . . . -pn-1 words.

The increased performance and reduced require memory capacity create favorable conditions
for the application of the approach under consideration when organizing computational processes and
developing computational tools in RNS.

5. CONCLUSION

In the paper an approach for dividing modules of numbers presented in the RNS by the base
values of the RNS is proposed. This may be required when solving specific tasks.

The approach involves the following sequence of actions in RNS:

- reducing the modulus of the number by the value of the deduction corresponding to the base
by which the division is made;

- dividing the reduced module by the value of the base;

- formation of the correction value and its addition to the obtained quotient.

Due to the low bit depth of the bases all the above operations are convenient to perform
tabular.

In total the division operation is performed through four accesses to table memory two of
which are overlapped in time. This provides a high speed of the operation.

The proposed approach allows to reduce require memory capacity by pn times in relation to
the memory capacity containing the full set of division results, where py is the base of the RNS by

which the division is performed.
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